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Abstract
We provide a new proof of the Wong–Rosay theorem, using the structure of the ring of holomor-
phic functions. As a byproduct, we provide an analogous theorem for classical bounded symmetric
domains. The second main result of this article concerns a new existence theorem for holomorphic
peaking functions at a hyperbolic orbit accumulation boundary point. Finally, we give a proof of a
version of the Greene–Krantz conjecture using holomorphic vector fields and a strengthened Hopf
lemma.
 2003 Published by Elsevier Science (USA).
1. Introduction
Let Ω be a bounded domain (connected, open set) in Cn. Let the automorphism
group of Ω (denoted Aut(Ω)) be the collection of biholomorphic self-maps of Ω with
composition of mappings as its binary operation. The topology on Aut(Ω) is that of
uniform convergence on compact sets (i.e., the compact-open topology).
It is a standard and classical result of Cartan that if the automorphism group ofΩ is non-
compact then there exist a point x ∈Ω , a point p ∈ ∂Ω , and automorphisms ϕj ∈Aut(Ω)
such that ϕj (x)→ p. In this circumstance, we call p a boundary orbit accumulation point.
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constant map p, uniformly on compact sets. We shall say more about this property as
needed in the sequel.
Work in the past twenty years has suggested that the (Levi) geometry of the so-called
“boundary orbit accumulation point” p in turn gives global information about Ω itself.
One of the primordial results of this kind is the theorem of Wong [16] and Rosay [15]:
Theorem 1.1. Let Ω ⊆ Cn be a bounded domain in Cn with non-compact automorphism
group. Assume that there is a boundary orbit accumulation point p that is strongly
pseudoconvex—meaning that the boundary is C2 in a neighborhood of p and that the
Levi form is strictly positive definite at p. Then Ω is biholomorphic to the unit ball in Cn.
The classical proofs of the Wong–Rosay theorem require either delicate approxima-
tion arguments (see [13,15,16]) or an examination of Bergman metric curvature [12]. Here
we propose a function-algebraic approach that yields the result in a very natural way, is
amenable to localization, and should be useful in future work. It also can be applied to
other bounded symmetric domain models. We mention in passing that the Sibony metric
should provide another approach to this important theorem. This approach will be devel-
oped in [8].
The second result of this paper is to show that any boundary orbit accumulation point
in a domain of finite type in Cn is a peak point. This theorem uses the Bishop one-
quarter/three-quarter theorem.
The third result gives a proof of a case of the Greene–Krantz conjecture about the Levi
geometry of a boundary orbit accumulation point. The novelty here is that we give an
argument using holomorphic vector fields.
It is a pleasure to thank John P. D’Angelo and Alan Noell for useful discussions of peak
functions.
2. Function algebras and Wong–Rosay
A primary tool in our work is the following classical result of Bers, for which see [14,
p. 108]. If Ω is a domain then let O(Ω) be the algebra of holomorphic functions on the
domain Ω .
Theorem 2.1. Let Ω1,Ω2 ⊆ Cn be pseudoconvex domains. If ϕ :O(Ω1)→ O(Ω2) is
a C-algebra homomorphism then there exists exactly one map h :Ω2 → Ω1 such that
ϕ(f )= f ◦h for every f ∈O(Ω1). Indeed, ϕ is bijective if and only if h is a biholomorphic
mapping.
We call a point q ∈ ∂Ω analytically isolated if there is no non-trivial complex analytic
variety E with q ∈ E ⊆ ∂Ω . Any strongly pseudoconvex point, for example, is analytically
isolated. Any finite type point in the sense of D’Angelo is analytically isolated.
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Theorem 2.2. Let Ω ⊆ Cn be a bounded domain. Let p ∈ ∂Ω be a C2 boundary point. If
p is an orbit accumulation point then p is Levi pseudoconvex.
Remark. In fact this result holds without any hypothesis of boundary smoothness at p;
in that case the conclusion is replaced by a local version of Hartogs pseudoconvexity. We
refer the reader to [6,7] for the details.
Theorem 2.3. Let Ω ⊆ Cn be a bounded domain. Let p ∈ ∂Ω be a boundary orbit
accumulation point of the automorphism group action on Ω . If p is analytically isolated
and if all points in a boundary neighborhood of p are pseudoconvex then the domain Ω is
globally pseudoconvex.
Corollary 2.4. Let Ω ⊆ Cn be a bounded domain. If p ∈ ∂Ω is strongly pseudoconvex
(which automatically entails an entire boundary neighborhood of p being C2 and strongly
pseudoconvex) and if p is a boundary orbit accumulation point then Ω must be (globally)
pseudoconvex.
We note that this corollary is obviously a consequence of the usual statement of the
Wong–Rosay theorem. We take this opportunity to point out that it can be derived from
Theorem 2.3, just because this is a step in our new path to Wong–Rosay by way of rings of
analytic functions.
In sum, by the corollary, the domains that we consider in this section are globally
pseudoconvex. It follows from this global pseudoconvexity property of Ω that every
character χ :O(Ω)→C is a point evaluation mapping. Thus Bers’ theorem, as enunciated
in [14, p. 108], applies.
Proof of Theorem 1.1 using Theorem 2.1. Now fix a bounded domain Ω ⊆Cn. Assume
that Ω has non-compact automorphism group. Thus we may fix a point x ∈ Ω , a point
p ∈ ∂Ω , and automorphisms ϕj ∈ Aut(Ω) such that ϕj (x)→ p. We assume that there is
a neighborhood U ⊆ Cn such that U ∩ ∂Ω is C2 smooth and strongly pseudoconvex. We
may also suppose that p= (1,0, . . . ,0).
Fix a neighborhood V ⊂⊂U of p. Take K a large compact subset of Ω . By a standard
argument, using a local peak function at p (see [15]), there is an index j large enough so
that ϕj (K)⊆ V .
We may suppose that V is so small that there is a defining function ρ for Ω on V such
that (in suitable local coordinates—see [4])
ρ(z)=−1+ |z|2 +O(∣∣z− (1,0, . . . ,0)∣∣4).
As a result, there is a linear holomorphic mapping τ from V ∩Ω into V ∩ B (where B is
the unit ball in Cn) so that τ (p) = τ (1,0, . . . ,0)= (1,0, . . . ,0) and so that the complex
tangent space to ∂Ω at p is mapped to the complex tangent space to ∂B at (1,0, . . . ,0).
Finally, we may choose an automorphism λ of B so that λ(τ(ϕ(x)))= 0.
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hj ≡ λ ◦ τ ◦ ϕj :K→ B.
We may choose the initial compact set K to be the closure of an open set, and to be so
large that K contains the Kobayashi metric ball on Ω with center x and radius R—with R
as large as we please. As a result, the image of h contains a Kobayashi metric ball with
center 0 and radius (at least) R.
Now let f be any element of O(Ω). Then
f ◦ h−1|h(K)
gives a holomorphic function on BKob(0,R). LettingR take the values 1,2,3, . . . and using
Montel’s theorem to pass to a normally convergent subsequence, we thereby associate to f
a holomorphic function f˜ on B . The process may be reversed: to each holomorphic g˜
on B we can associate a holomorphic function g on Ω . As a result, we have a one-to-one
correspondence of elements of O(Ω) with elements of O(B). Moreover, it is easy to see
that the correspondence is a ring isomorphism.
As a consequence, we may apply Bers’ theorem to conclude that the ring isomorphism
is induced by a biholomorphism of Ω to B . That completes the proof. ✷
Remark. It may be noted that a result similar to Theorem 1.1 can be proved, by the
techniques presented here, in case the model domain (see the discussion following The-
orem 2.5 for the concept of “model domain”) is not necessarily the ball. In fact we have:
Theorem 2.5. Let Ω ⊆ Cn be a bounded domain and let p ∈ ∂Ω . Let E be a bounded
symmetric domain in the sense of Cartan. Suppose that p′ ∈ ∂E is a smooth boundary
point. Finally, assume that there are neighborhoodsU andU ′, respectively, of the maximal
analytic varieties in ∂Ω and ∂E, respectively, passing through p and p′, respectively, such
that U ∩ Ω and U ′ ∩ E are biholomorphic by some map Φ , with Φ(∂Ω ∩U)= ∂E ∩U ′.
If p is a boundary orbit accumulation point of Ω then Ω is biholomorphic to E.
Some comments are in order. First, this new theorem is very much in the spirit of
Theorem 1.1. In that theorem, our geometric hypothesis can be phrased as saying that
the boundary orbit accumulation point agrees with the ball to second order (this is what
strong pseudoconvexity means). The conclusion is then that the domain is the ball. In this
context we refer to the ball as the model domain.
In the case that the model is a bounded, symmetric domain (not the ball), it does not
suffice to assume second order agreement. In fact a moment’s thought about the proof
shows that our hypothesis of literal agreement of a boundary neighborhood cannot be
relaxed.
One of the key steps of the proof of Wong–Rosay type theorems is the localization
method, which usually follows from the existence of a peaking function. Notice that the
situation of the above theorem does not allow peaking functions to exist. However, the
standard normal family arguments and the boundary defining function of the domain yields
a somewhat weaker version of localization as follows.
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ous pluri-subharmonic function ψ : Ω → R satisfying ψ(z) < 0 for every z ∈ Ω and
ψ(ζ ) = 0 for every ζ ∈ ∂Ω . Assume also that there is a sequence of holomorphic
functions hj :∆→Ω converging to a holomorphic function h :∆ → Ω with h(0) =
limj→∞ hj (0) ∈ ∂Ω . Then h(∆)⊂ ∂Ω .
Therefore the necessary localization is obtained in a neighborhood of a maximal ana-
lytic variety in the boundary; this result meshes with the hypotheses of Theorem 2.5.
We would expect that, in case the model domain is a domain of finite type, some agree-
ment (of order higher than two) would suffice for a favorable result (see [1]). At this time
we are unable to apply the techniques developed here to obtain such a result.
3. Hyperbolic orbit accumulation points and peak points
For a domain Ω ⊆Cn, we let
A(Ω)= {f ∈C(Ω): f is holomorphic on Ω}.
This space is sometimes called the “domain algebra” for Ω . Equipped with the supremum
norm, A(Ω) is a Banach function algebra. A point q ∈ ∂Ω is called a peak point for A(Ω)
if there is a function f ∈A(Ω) such that
(i) f (q)= 1;
(ii) |f (z)|< 1 for z ∈ Ω \ {q}.
In common parlance we will simply refer to q as a peak point and to f as a peaking
function or peak function.
We call a boundary point p ∈ ∂Ω a hyperbolic orbit accumulation point if it admits
another boundary point q ∈ ∂Ω \ {p}, a sequence {ϕj }∞j=1 ⊂Aut (Ω) and an interior point
x0 ∈Ω satisfying the following properties:
(1) ϕj (p)= p and ϕj (q)= q for every j = 1,2, . . . ;
(2) limj→∞ ϕj (x0)= p and limj→∞ ϕ−1j (x0)= q .
Of course, the use of values of ϕj at the boundary points p and q needs to be justified. Here
we may use the extension theorem of Bell and Ligocka [3], which implies in particular that
our ϕj ’s extend to a diffeomorphisms of the closure Ω , since our domain has a globally
finite type boundary.
Now we present the main theorem of this section.
Theorem 3.1. Let Ω ⊂ Cn be a bounded domain with a finite type boundary in the sense
of D’Angelo. Then every hyperbolic orbit accumulation boundary point is a peak point.
Proof. Let p ∈ ∂Ω be a hyperbolic accumulation point and let q , x0 and ϕj be as in the
preceding paragraph.
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for every compact subset K of Ω \ {p}, there exists jK > 0 such that ϕ−1j (K)⊂U for any
j > jK .
Now we choose A ∈ GL(n,C) and a vector v ∈ Cn so that the complex affine map
τ (z)=Az+ v satisfies
τ (q)= (0, . . . ,0) and τ (p)= (1,0, . . . ,0).
Consider also the projection π1(z1, z2, . . . , zn)= z1, and the composite τ1 = π1 ◦ τ . Since
Ω is bounded, note that there exists a constant M  1 such that
max
z∈Ω
∣∣τ1(z)∣∣M.
Now we combine all this information. First choose an open neighborhood V of q such
that |τ1(z)| 3/4 for every z ∈ V . Let W be an arbitrary open neighborhood of p in Cn.
Then, by the above discussion of Bell’s theorem, we may choose ϕj ∈ Aut(Ω) such that
ϕ−1j (Ω \W)⊂ V .
Therefore, for fW ≡ τ1 ◦ ϕ−1j , we see that the following hold:
(a) fW ∈O(Ω)∩C0(Ω);
(b) fW (p)= 1;
(c) |fW(z)|M for every z ∈Ω ;
(d) |fW(w)| 3/4 for every w ∈ Ω \W .
Now the conclusion follows by Bishop’s one-quarter/three-quarter theorem cited below.✷
Theorem 3.2 (Bishop). Let X be a compact metric space and let A be a uniform algebra
on X. Let x ∈ X. Assume that there exist constants c and M with 0 < c < 1 and M  1
such that, for every open neighborhood W of x , there is a function f ∈A satisfying
f (x)= 1, sup
y∈X
∣∣f (y)∣∣M and sup
z∈X\W
∣∣f (z)∣∣ c.
Then x is a peak point of A, in the sense that there exists f ∈ A with f (x) = 1 and
|f (y)|< 1 for every y ∈X \ {x}.
See [5] for a nice discussion of this result.
Before we close this section, we would like to remark that our argument does not apply
to the case of a parabolic orbit points, which in the above notation is the case that p = q .
At time of this writing, we do not know how to handle this case.
4. Parabolic orbit accumulation points and their D’Angelo type
Let Ω be a domain in Cn. A boundary point p ∈ ∂Ω is called a parabolic orbit
accumulation point if there is a one-parameter subgroup{
ψt ∈Aut(Ω) | −∞< t <∞
}
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lim
t→±∞ψt (x0)= p
for some x0 ∈Ω .
The main theorem of this section is as follows.
Theorem 4.1. Let Ω ⊂ C2 be a pseudoconvex domain with a C∞ smooth boundary
satisfying Bell’s condition R. Assume also that ∂Ω does not contain any non-trivial
analytic variety. Then every parabolic orbit accumulation boundary point is of finite
D’Angelo type.
Proof. Let p ∈ ∂Ω be a parabolic orbit accumulation point associated with the orbit
{ψt(x0) | t ∈R}. Then the vector field defined by
H(z)≡ d
dt
ψt (z)
∣∣∣∣
t=0
is a smooth vector field on Ω , which is in fact holomorphic on Ω . Moreover, it follows
naturally that
(ReH)ρ(ζ )= 0
for every ζ ∈ ∂Ω , whenever ρ is a defining function of Ω .
Now choose a holomorphic local coordinate system at p so that p now becomes the
origin and the local defining function of Ω takes the form
ρ(z)= Re z1 +Ψ (z2, Imz1).
If we denote by
H(z)= h1(z) ∂
∂z1
+ h2(z) ∂
∂z2
,
then we see that
Reh1(z)+Re
(
h1(z)
∂Ψ
∂z1
(z2, Im z1)+ h2(z) ∂Ψ
∂z2
(z2, Imz1)
)
= 0
for every z= (z1, z2) ∈ ∂Ω . If p is not of finite D’Angelo type, then we see thatΨ vanishes
to infinite order at the origin. In such a case, h1 must vanish to infinite order at the origin
as well. However, being a holomorphic vector field, h1 cannot do so unless it is identically
zero. See, for instance, [9,10]. Thus we are led to conclude that h1 ≡ 0. However, this
implies that the boundary ∂Ω contains a non-trivial analytic variety passing through p,
which is a contradiction. This completes the proof. ✷
We remark that this theorem provides a proof of an important special case of the
Greene–Krantz conjecture. See [11], for instance, for related discussion and results.
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